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Introduction
Control charts are a valuable tool for detecting an out of control process. During the last decades there is an increasing interest for multivariate control chart techniques due to the fact that many processes involve several quality characteristics (variables) that are correlated. One of the most known control charts that belongs to this category is the multivariate exponentially weighted moving average (MEWMA) chart. The MEWMA control chart was introduced by Lowry et al. (1992) and it is used to detect fast small to moderate shifts in a process. Prabhu and Runger (1997) showed how to design this chart.
Generally speaking, the monitoring of a multivariate process includes two phases:
Phase I and Phase II. In Phase I, one checks the stability of the process and estimates the unknown parameters. However, the main purpose in Phase II is to detect out-ofcontrol conditions as quickly as possible. The performance of a Phase I control chart is measured in terms of the probability of chart signals. On the other hand, the performance of a Phase II control chart is usually measured in terms of the parameters of the run length, where the run length is defined as the number of samples taken until the chart produces a signal. In order to use the MEWMA control chart during a Phase II application, the existing procedures for designing it are based on the assumption of known process mean vector µ µ µ µ and variance covariance matrix Σ Σ Σ Σ. In practice, however, µ µ µ µ and Σ Σ Σ Σ are usually unknown and we have to estimate these parameters using a historical data set (Phase I). Using parameters estimates with design procedures intended for known parameters can result in significantly deteriorated chart performance since these estimators add extra variability in the process.
Several authors have dealt with this problem for different univariate control charts, see e.g., Chen (1997) and Jones et al. (2001 Jones et al. ( , 2004 . Quesenberry (1993) studied the effect of parameter estimation on the performance of the univariate Shewhart chart. This researcher suggested that at least 100 Phase I subgroups with sample size of 5 observations is needed to achieve expected statistical performance of the Shewhart chart. Jones et al. (2001) showed that a number of subgroups more than T chart (Nedumaran and Pignatiello (1999) and Champ et al. (2005) ). None of the previous studies investigated the effect of parameter estimation on the performance of the MEWMA chart. This has been pointed by Jensen et al (2006) along with the conjecture that no attention has been given to the multivariate EWMA chart a fact that motivated this work. Our main focus in this paper is to investigate the effect of estimating µ µ µ µ and Σ Σ Σ Σ from an in-control Phase I data set on the performance of the MEWMA control chart used to monitor the process mean vector µ µ µ µ.
In Section 2, we present the MEWMA chart and its main properties. The effect of estimating the parameters on the performance of the proposed scheme is given in Section 3. In Section 4, we present the control limits that give the desired in-control average run length (ARL) when m samples of size n are used for estimating the parameters of the p-variate MEWMA chart. Section 5 presents the way to design the MEWMA control chart. Finally some comments and concluding remarks are given in Section 6. Z is usually set equal to the in-control mean vector of the process (i.e., 0 0 µ Z = ). A straightforward note is that if R=I then the MEWMA control chart is equivalent to the T² Chart.
The MEWMA control chart
The MEWMA chart gives an out-of-control signal if
the variance-covariance matrix of i Z and h is the control limit used to achieve the specified in-control ARL. The variance-covariance matrix of
The MEWMA chart statistic is usually constructed in terms of the asymptotic covariance matrix
When µ µ µ µ 0 and Σ Σ Σ Σ 0 are unknown, then m in-control Phase I samples, each of size n are used to estimate them. The in-control process mean vector µ µ µ µ 0 is estimated by
where j X is the j th sample mean vector. Also, the unknown variance-covariance
where j S is the within sample variance-covariance matrix.
For simplicity, we consider only charts with equal smoothing parameters and chart statistic calculated based on the asymptotic covariance matrix in Eq. (2). Lowry 1  2  3  4  5  6  7  8  9  10  11  12  13  14  15  16  17  18  19  20  21  22  23  24  25  26  27  28  29  30  31  32  33  34  35  36  37  38  39  40  41  42  43  44  45  46  47  48  49  50  51  52  53  54  55  56  57  58  59 Thus, the results we present in this paper are rather based on extensive Monte Carlo simulation.
Prabhu and Runger (1997) provided recommendations for the selection of parameters for a MEWMA chart. To detect quickly small sustained shifts in the process mean vector, it is usually recommended that one design the MEWMA chart 
Effect of estimated parameters on the performance of the MEWMA chart
When estimates are used instead of unknown parameters, the sampling distribution of the MEWMA chart statistics should account for the variability in the estimators. If the researcher does not take this variability into account, the in-control and out-of-control performance of the control charts can be strongly affected. The direct result of not taking this variability into account is the significant increase of the number of false alarms, especially when the sample size of the phase I data set is small. As the sample size of the phase I data set increases, the estimation error decreases. In this section we investigate using simulation the performance of the MEWMA chart with estimated parameters.
As mentioned in Section 2, when the mean vector and the covariance matrix are unknown they are usually estimated using an in-control reference sample consisting of m subgroups of size n from an in-control ) , ( 
As mentioned in Section 2, the in-control run length distribution of the In our simulation study, the procedure used to investigate the effect of p, m, n and r on the in-control ARL performance of the MEWMA chart can be described as follows:
1-Using 50,000 simulation runs, we first estimated the upper control limit h 4-The MEWMA statistic defined in Eq.
(1) was then calculated based on the estimated parameters X and S and compared to the upper control limit h calculated in Step 1.
5-Steps 3-4 are repeated until a signal is given. When the signal is given then we record the run length.
6-Steps 2-5 are repeated 50,000 times and the ARL is then calculated. The procedure IML in the statistical package SAS was used to generate the random vectors and matrices and to estimate the ARL values.
(Insert Table 1 of size 5 is needed to achieve the expected statistical performance of the 2-variate MEWMA chart with estimated parameters when r=0.05, only 1400 and 1000 samples are sufficient to achieve it when r=0.10 and 0.20, respectively. As expected, monitoring a mean vector with a dimension more than 2 using the MEWMA chart with estimated parameters requires larger number of Phase I samples than those listed for p=2 to achieve the desired ARL performance. For example, when p=6 and r=0.20, more than 2500 samples of size 5 are needed so that the in-control ARL produced by the MEWMA chart is 200.
Corrected Limits for the MEWMA chart with estimated parameters
In some practical applications the data are plentiful and hence waiting until 
(Insert Tables 5-7 about here)
The results in Tables 5-7 show that the corrected limits depend on the size of m, n, p, and r. Smaller values m and/or n require wider corrected limits to achieve the desired in-control ARL. In practice, if m and/or n are different from the values given in Tables 5-7 , the practitioner may use interpolation to determine an appropriate corrected control limit. Alternatively, we give estimated corrected limits for the pvariate MEWMA charts in Tables 8-10 when r=0.05, 0.10, and 0.20, respectively.
The linear equation models given in these tables are least squares estimates of the corrected limits using the logarithm of m (with base=10) as the independent variable in simple linear regression models. For example, when n=5, p=2, and r=0.05, Table 8 gives the estimate of the corrected limits as a linear function of the logarithm of m by: 
Optimal design of the MEWMA chart with estimated parameters
Although the corrected control limits given in Section 4 result in a chart with the desired in-control ARL, a subsequent increase in the out-of-control ARL of the MEWMA chart with estimated parameters over the chart with known parameters is expected. The optimal statistical design of an MEWMA chart requires not only determining the control limit h that satisfies the desired in-control ARL, but also the smoothing parameter r that minimizes the out-of-control ARL for a shift of a specified size measured in terms of the non-centrality parameter. As mentioned before, the out-of-control run length performance of the MEWMA chart does not depend on the parameters or their estimates. This performance rather depends on the values of m and n through the value of the corrected control limit, the smoothing parameter r, the number of monitored variables p, and the size of the shift measured in terms of the non-centrality parameter λ.
In this section, we compute the value of the smoothing parameter r and the corresponding corrected limit h that optimize the out-of-control performance of the pvariate MEWMA chart for different values of m of size n=5. The MEWMA chart is usually recommended for detecting optimally small sustained shifts. In our study, two sizes of the process shift were considered; a standardized shift in the non-centrality parameter from λ=0 to n / δ λ = was considered, where δ =0.5 or 1. Three values were considered for p (p=2, 3, or 4) and 4 values for m (m=30, 50, 100, or 200). The procedure used to find the optimal design of the MEWMA chart with estimated parameters can be described as follows: 
The optimal values of r and h are those that minimize the out-of-control ARL for the specified shift. Tables 11 and 12 give the optimal combination of r and h for different values of m and p when δ =0.5 and 1, respectively. The second column in both tables gives the optimal values of r in detecting shifts of various sizes for an in-control ARL of 200.
The following columns give the values of the upper control limit h that achieve the desired in-control ARL of 200 when m samples of size n=5 are used in estimating the unknown parameters and the out-of-control ARL corresponding to the specified shift.
The last two columns in these tables give the upper control limits and the out-ofcontrol ARLs when the MEWMA statistic is calculated based on known parameters.
(Insert Tables 11-12 about here)
Our simulation results show that the optimal value of r does not depend on the number m of Phase I samples or on whether the MEWMA chart statistic is calculated based on known or estimated parameters. Also, this optimal value does not vary much as p changes. The optimal values of r given in this paper are very close to the optimal values given in Table 2 in Lowry et al. (1992, p. 49 ). Tables 11-12 show that the out-of-control ARL performance improves significantly as the number of samples m increases. For example, when p=2, the out-of-control ARL for detecting a shift of size δ=0.5 decreases from 46.41 when m=30 to 29.72 when m=200. When known parameters are used in constructing the 2-variate MEWMA chart statistic, the out-of-control ARL for detecting this size of shift is 26.50, as shown in Table 11 . 
The results in

Conclusions
In this paper we have studied the effect of estimating the parameters on the MEWMA control chart. Specifically, we have shown through simulation that the performance of the MEWMA chart is seriously affected if the vector of means and the covariance matrix are estimated based on a small number of Phase I samples. The value of the control limit is computed for several combinations of the number of samples and sample size so that the in-control performance of the MEWMA chart in the case of known and estimated parameters is equivalent. Finally, an optimal design of the MEWMA chart is presented, providing to the practitioners the suitable smoothing parameter for fast detection of an out of control situation for different shift sizes. 1  2  3  4  5  6  7  8  9  10  11  12  13  14  15  16  17  18  19  20  21  22  23  24  25  26  27  28  29  30  31  32  33  34  35  36  37  38  39  40  41  42  43  44  45  46  47  48  49  50  51  52  53  54  55  56  57  58  59  60 
